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Introduction:

Rich countries tend to have higher TFPs & K/L than the poor, typically interpreted as
the causality from TFPs and/or K/L to Y/L, often under the maintained hypotheses

» These countries offer independent observations

» Cross-country variations would disappear without any exogenous variations.

A complementary approach in trade (and economic geography): even if countries are

ex-ante identical, interaction through trade (and factor mobility) could lead to:

» Equilibrium dispersions in Y/L, TFPs, & K/L jointly emerging as (only) stable
patterns through symmetry-breaking due to two-way causality

» An explanation for Great Divergence, Growth Miracle

Most existing studies in 2-country/2-tradeables. In many countries,

» Does symmetry-breaking split the world into the rich-poor clusters (a polarization)?
Or

> keep splitting into finer clusters until they become more dispersed & fully ranked?

» What determines the shape of the distribution generated by this mechanism?

Absent analytical results, the message is unclear. In addition,

» Comparative statics?

» Welfare implications?
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In this paper,
e An analytically solvable symmetry-breaking model of trade & inequality with many
countries

e Main Ingredients of the model

» A finite number (J) of (ex-ante) identical countries (or regions)

» A continuum of tradeable consumption goods, s € [0,1], with Cobb-Douglas
preferences (with the uniform expenditure share, wlog)

» Tradeables produced with Cobb-Douglas tech. with the share of nontradeable
intermediate inputs “producer services,” y(s), (increasing, wlog; assumed C")

» TFP of the service sector increasing in its size, due to external economies

(In Ecta, the service sector is monopolistic competitive with variety effect.)

e Symmetry-Breaking: Two-way causality between patterns of trade and productivity
» A country with a large service sector is not only more productive, but also has CA in
tradeables which depend more on services.
»Having CA in those tradeables means a larger market for such services.

e What makes the model tractable: Countries are vastly outhnumbered by tradeables
(Countries are much larger than sectors, even if J is arbitrary large)
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A Preview of the Main Results

e Endogenous comparative advantage: For any finite J, countries sort themselves into
different tradeable goods in any stable equilibrium;

» A unit interval [0,1] is partitioned into J subintervals.

| | |
|
0

8081 82 S3 84
Illustrated for J = 4 I
1

S;: (Cumulative) share of the j poorest countries, characterized by 2" order
difference equation with the 2 terminal conditions

NB: The subintervals are monotone increasing in length

» Strict ranking of countries in Y/L, TFP, and K/L, which are (perfectly) correlated.
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Equilibrium Lorenz curve, @’ : lllustrated for J =4

S

O 1/4 2/4 3/4 1
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e AsJ —oo, the limit Lorenz curve is given by the unique solution of the 2" order
differential equation with the 2 terminal conditions. Furthermore, analytically
solvable.

» Shape of Lorenz Curve: conditions for
v" Bimodal distribution (Polarization)
v" Power-law distribution

»Comparative Statics:
log-super(sub)modularity = Lorenz-dominance

e Welfare effects of trade: We can also answer questions like;

»When is trade Pareto-improving?
> If not Pareto-improving, what fractions of countries would lose from trade?
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Organization of this presentation slides:
1. Introduction
2. Basic Model (Fixed Factor Supply; Without Nontradeable Consumption Goods)
» Single-country (Autarky) equilibrium (J = 1)
» Two-country equilibrium (J = 2), not in the paper
» Multi-country equilibrium (2 < J < w0)
»Limit case (J = )
v Polarization
v Power-law (truncated Pareto) examples
v Comparative Statics; Log-modularity and Lorenz-dominance
3. Welfare Effects of Trade
» Multi-country equilibrium (2 < J < w0)
»Limit case (J = «)
4. Formal Stability Analysis, not in the paper
5. Nontradeable Consumption Goods; Effects of Globalization through Goods Trade
» Multi-country equilibrium (2 < J < w0)
»Limit case (J = «)
6. Variable Factor Supply; Effects of Globalization through Factor Mobility or Skill-
Biased Technological Change
» Multi-country equilibrium (2 < J < w0)
»Limit case (J = «)
7. Concluding Remarks, not in the paper
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2. Baseline Model: All Factors in Fixed Supply, All Consumer Goods Tradeable
J (inherently) identical countries
Representative Consumers:

e Endowed with V units of the (nontradeable) primary factor of production, which may
be a composite of many factors, as V = F(K, L, ...).

e Cobb-Douglas preferences over Tradeable Consumer Goods, s € [0,1]
1 1
logU = [log(X (s))dB(s) = [log(X (s))ds,
0 0

indexed so that B(s) = s, wlog.
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Tradeable Consumer Goods Sectors s € [0,1]: Competitive, CRS
Unit cost function: C(s) = ¢ (s)(w)" 7 (P, )"™

.  price of the primary factor of production (Aggregate TFP in equilibrium).
Pn:  price of nontradeable producer services

1(s): share of services in sector-s, increasing in s € [0,1], wlog; assumed to be C*

Nontradeable Producer Services Sector: Competitive, External Economies of Scale

Unit cost function: Py = ———

A(n)’
A(n): Sectoral TFP, increasing in the total input in the sector, n, with
A'(n)n

Degree of Scale Economies, 8(n) =
A(n)

>0, continuous. (A(n) =6 >0 in Ecta.)

Unit Cost in Sector-s: C(s) =< (s)(A(n)) 7w
High-indexed sectors benefit more from scale economies in the service sector

In stable equilibrium, @ and n will end up being different across countries.
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Single-country (J = 1) or Autarky Case: The economy produces all s € [0,1].
1
Let T'* = [ y(s)ds.
0

nAa)A: FAYA
> nt=vr*
YA =™V = 0"F(KL,...)

Generally,

The size for the service sector is proportional to the average share of services across all
(active) tradeable goods sector.
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Two-Country (J = 2) Case: Home & Foreign (*). Suppose n < n*. Then,

-7(s)
o é:*((s‘g) =[:‘((:*))) (wj Increasing in s.
@

A country with a higher n has comparative advantage in higher-indexed sectors.

-7(S)
e Hexportss € [0, S) & F exports s (S, 1], where CEO) —[ A(n) j ( @ j -

c’(s) (A(M) @

Each country must be the least cost producer for a positive measure of tradeables.

7 (S) A
° a)* =[ A(n)j <1.

o AN C(s)/C"(s)
e SY+Y)=Y=0V & 1-S)Y+Y)=Y =0V N\
A country’s share = the world’s expenditure share of

1 |
the consumer goods it produces. /
S

. n:E { y(s)ds}v <n {ﬁ ! y(s)ds}v _

>3
: : : : 1
The service sector in each country is proportional to the « V _
average share of services among its (active) tradeable Home Exports  Foreign Exports
sectors.
_ r(8)
N S :Y*:a)*: AT (S)V) -1
1-S Y o AT (S)V)
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A Symmetric Pair of Stable Asymmetric Equilibria

e Home produces s € [0, S] and Foreign produces s €[S, 1],

Y _o_ S _[A(F(S)V)j“s’ 1
Y o 1-S

o (AT (S)V)

e Foreign produces s < [0, S] and Home produces s €[S, 1],

Y o 1-S _[A(F(S)V)j“s’ g
Y' o S AT (SV)

Instability of Symmetric Equilibrium: n = n* (= n?)
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Stable Equilibrium Patterns in the J-Country World:
Index the countries such that {n j }J_ . IS monotone increasing. Then,

~7(s)
C;(s) (A ) [ o < strictly L
o = , Is strictly increasing in s:
Cj+1(s) A(nj+1) w

A country with a higher n has comparative advantage in higher-indexed sectors.
e The j-th exports s € (S;, Sj+1), where {Sj };Zlis monotone increasing, with So =0, S;=1

c,s) (AN o
g SiGi) [ Am) Sl PR PN l©,}_is monotone increasing.
Cj+1(Sj) A(nj+1) @ a

¢ Y, =0,F(K,L,..)=(S;,-S)Y"

A country’s share = world’s expenditure share of | |
the consumer goods it produces. Cia(8)/Ci(s)  Ci(S)/Cia(S)

1 N\ N
e n, =V, where T, = [7(s)ds
Si =S -1 Sj4
1

j+1

j+1

1

The service sector in each country is proportional "'/: / -

to the average expenditure share on such services ! :

among its (active) tradeable sectors. ! !

> {n,§_, monotone increasing, as assumed. 5 5 5 >$
.

j-th exports
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This can be summarized as:

Proposition 1 (J-country case):
{S j };:O solves the nonlinear 2"-order difference equation with the 2 terminal conditions:

Sj+1_Sj _[A(\/r(sjisjﬂ))

V(Sj)
j >1with S, =0 & S, =1,

S-S, AVI(S4,S)))
1
where TI'(S..,S.)= s)ds.
(S;4:S)) s,-—s,-_lsjff”

In Ecta, A(n) oc (n)’ >

Sj+1 o Sj [F(Sj d Sj+1))
S-S,

ey(sj)
= >1, scale-free, independent of V.
I(S,..S,)

Illustrated for J = 4
SoS1 S S3 S4
| | l

0 1
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The Lorenz curve, @’ :[0,1] —[0,1], is the piece-wise linear function,®’ (j/J) = S;.

e @’ isstrictly increasing & convex;
e ®’'(0)=0& D’(1) =1.

But, it is not analytically solvable.
e Uniqueness?

e Comparative statics?

e Welfare evaluations?

These problems disappear by J — oo.

o U4 24 34 1
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Calculating the limit Lorenz Curve, ®, which turns out to be C?

Sj+1_Sj _[A(VF(S]’SH)) 1 T}/(S)ds

- A(VF(SH’ Sj)) =S -1 Sjy

V(Sj)
with T'(S. ;,S;) =
S ,~S,, j A

j

By setting x=j/J and Ax=1/J,
S, -, = O(x+AX) ~ B(x) = ' (X)Ax+ 0" (x) 2 + o ax?),
S; =S, =P(X)-D(x-AX) = CI)'(x)Ax—CID"(x)A%Z+OQAX\2),

from which
LHS = i~ %1 g, @70 Ax+0(|AX)).
S-S, d'(x)
Likewise,
'(S.,S .)= Ij‘(:’w)y(s)ds = y(D L (@)D (x)A A
(5118150 = g a0~y ~ POV 57 (@D I+ 0(Ax)
r'S.,,S)= Ij‘(xx‘)“’y(s)ds = (D L (@)D (x)A A
518 = 50— x )~ (PN =57 (LA 0+ (%)
SO that
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AVT(S,,S ) A(Vy(cb(x)))%A'(Vy(cb(x)))y'(cD(x))cD'(x)Ax+o(\Ax\)

AVI(S,,,S))

J

AV (@)~ AV @Oy (@) (% +0(4X),
from which
7(S;) ' y(®(x))
RHS = [A(VF(S" ’ S"”))j _ (1+VA V7PON) @y uyyp (x)ax + OQAX\)J
ANVT(S,,,S;)) Ay (D(x)))
=1+ O(Vy (D(X)))y" (D (X)D'(x)Ax + 0(|Ax])

A'(n)n 0
A(n)

where 6(n) =

Combining these yields

®"(x)

D'(x)

1+

Ax+0(AX]) =1+ O(Vy (D(X)))y" (D (X)) D" (X) Ax + 0| Ax)).

Hence,as J > o, Ax=1/J — 0,

D" (x)
d'(x)

= 0(Vy (@ (X)))7 (2 (x))D'(x)
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By integrating once,
log(d'(x))- @(Vy\(/cp(x))) =c,, Where O(n)= T@(u)du .

This can be rewritten as
exp(_ @(\/@(cp(x)))jq).(x) e

By integrating once again,

(DjX)exp(_ ®(1//7/(S))jds =, +e%X.

0

From ®(0)=0 & ®(1) =1,
@j*’exp(—ca(\vfy(s))jds:Hexp OVy (), }

0

o x=H(®(x)= (D]X?ms)ds where h(s)—lA( with ﬁ(s)zexp(‘@Ws»j
[h(u)du v

In Ec.ta, A(n) o (n)?, 6(n) =6 > O(n) =6n, > h(s) =exp(—Oy(s)), scale-free.
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Proposition 2 (Limit Case: J = o) The limit equilibrium Lorenz curve,®, is given by

x=H(®(x))= [h(s)ds, where h(s) = ) with h(s) sexp(_(a(i//y(s)))

} ﬁ(u)du
hs) X:A H(s)
A 1
5 » s 5 1>cI)(x):s

NB: Lorenz Curve also maps a set of countries into a set of goods they produced
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Question: When does this mechanism lead to a polarization?

) X:A H(s)
A | 1

—> > ()=
o S 0 1CD(x)s

Answer: When O(Vy(s))is approximately a two-step function. That is, either when
> v(e)is approximately a two-step (e.g., effectively there are only two tradeables)

Note: This is different from assuming that there are only two tradeable goods. The
uniqueness is lost when you do that.

> ©(e)is approximately a two-step (e.g., the single threshold externalities).
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Power-Law (Truncated Pareto) Examples (with World GDP normalized on one):

Example 1: Example 2: Example 3:
— 1 1
7(s)=s y(S) = Iog[1+ (e’ —1)SF y(S) = Iog[1+ (e* —1)SF
(1 #0;%0)
Inverse Lorenz 1—-e™® ) 1 0
Curve: X =H(s) 1_o? loglt+ (e* ~D)s s L+ (e -Dsf 7 -1
e’ -1
Lorenz Curve: e” —1 _ &
s = d(X) loglL— (1—e*)x] 1 L+ @ —1)x|o -1
et -1
Cdf; 1 1 1 | e? _1 g—l g—l
X= ‘P(_z’) 1-e% o 0 09 0 y [yj ~1 1— [yj
- (CD') (y) yMin _l_ yMax
' -1 1-e*
Paf. 1 1 (A16) -1 -
=T oy’ o )™ =~ ()|
Support: 1-e”? 0 oe’ A e’ -1
[Ywin: Ve 0 =Y ee—lgygee—l (ei—lj[ A—0 JSy
0
_e—l <( ) jeze_l N
0 “le -1l 1-0

A lower 4 (more concentrated use of services in narrower sectors) makes the pdf drop faster.
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Log-modularity and Lorenz Dominance(not in the paper)

Lemma: For a positive value function, ﬁ(o;a): [0,1] = R:, with a parameter o, define

}ﬁ(u;a)du

H(e;0): [0,1] = [0,1], by H(s;o) jh(u o)du = . Then,

[h(u:o)du

Z—H > (<)0 if h(s;o) is log-sub(super)modular in & and s.
O

An lllustration: Log-Submodular Case

X=H(s)
h(s) 4
A 1
— »D(X)=
o ) S o ) (X)=s
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Proof:
}ﬁa (u;o)du
From i@zn//(s)—n//(l), where y(s) = °— :
H oo [h(u;o)du
ﬁa(s;a)}ﬁ(u;a)du—ﬁ(s;a)}ﬁa(u;a)du }[ﬁa(s;a)ﬁ(u;a)—ﬁ(s;a)ﬁa(u;a)]du
y'(s)= — 7 =2 — ;
[[h(u;a)du} [[h(u;a)du}
EF'”“S 0) alnggj;a)}ﬁ(s;a)ﬁ(u;a)du i[[jaz 'g;‘g;") dv}ﬁ(s;a)ﬁ(u;a)du
ﬁﬁ u; cy)du}2 ﬁﬁ u; cy)du}2
Hence,
o’ Inh . 16H L
P < 0implies y'(s) < 0 and ﬁg—w(s)—w(l) ——.Sn// (u)du > 0.
o”Inh > 0implies v'(s) >0 and i@:w(s)—w(l) =—1'n//'(u)du <0. Q.E.D.
000S H oo
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Sinc

e MGV _ o sV ) (s).

Effect of a higher V-

e For 6'(n)>0, In ﬁ(s;V) Is submodular in V & s. Thus, a higher V - more inequality.
e For 6'(n)<0, In ﬁ(s;V) Is supermodular inV & s. Thus, a higher V = less inequality.

Effect of a higher 6:

In Ecta,
An)=60=>0, In ﬁ(s;e) = —0y(s) i1s submodular in # & s. Thus, a higher & = more
inequality.

NB: This also works for any shift parameter, o, such 6_(n;o) > 0.
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3. Welfare Effects of Trade
log(U*) = log(w”V )~ [ log(P*(s) Jds.
log(U; ) = log(e,V ) [ log(P(s))ds.

7(s) —7(s)
P(s) [ j[ A, )j [ « j[ A(Vr")j fors e (S, S) fork=1,2, ..., J.
PA(s) \o* \ A(n") A NA(VTH)

Combining these yields

)2 {2 Lo

which can be rewritten as:

Proposition 3 (J-country case): The welfare of the j-th poorest country is

ol e e

e 1% term: productivity dispersion effect, negative for some countries.
e 2" term; gains from trade (conditional on productivity dispersion), always positive.
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By setting x* = j/J and x = k/J and noting that, as J — oo,

o, o, — O'(x*)/d'(x) and S, -5, ; — ®'(x)dX,

Iog( *)j j [CD( )jcp (x)dx+jy(q>(x))|og[ (Vy(q)(x)))}b(x)dx

0 A(VT,)

From Iog(CD'(x))—®(V7/\(/q)(X))) =C,,

,Og(u (x*)) _ (@(vy(@(x*» _ @(\/y\(/@(x»)dq) ) ,0g[A(Vy(<D(X)))qu),

u* )l v A(VT,)
Or

Proposition 4 (Limit case, J = «): The welfare of the country at 100x*% is given by
* * 1 1
,Og(u (x )) _ 0y (") _ j(@(\’ﬂs»jm T (5)log| V7SN g
U V 5 Vv 5 A(VT )
where s* = ®(x*) or x*=® " (s*).

e 1% two terms; productivity dispersion effect, negative for some countries.
e 3 term; gains from trade (conditional on productivity dispersion), always positive.
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Corollary 1: All countries gain from trade iff

(O O\Vy(0) i A
[0 i L 1

In Ecta, A(n) oc (n)’, 8(n) =6 , this can be rewritten as:

1“(3) < I( (S))mg(ﬂ ))ds = diversity (Theil index/entropy) of y.

Corollary 2: Suppose the condition of Corollary 1 fails. Define s, € (0,1) by

OVy(s,)) (© L A
O Lo S

a): All countries producing s € [0,s,) lose from trade.

b): Consider a shift parameter, ¢ > 0, such that A(n;o) =[A(n)]°. Then, s_is independent
of 6, and the fraction of the countries that lose, x, = H(s,; o), is increasing in ¢ with
I|mx =s.and limx_ =1.

o—0 o —®

In Ecta, A(n) oc (n)’, hence 6(n) =6 is used as the shift parameter, .
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Corollary 2: A Graphic Illustration

»D(X)=s
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4. Formal Stability Analysis in a Dynamic Model with Learning-By-Doing
Externalities

Competitive Nontradeable Producer Services Sector: py = w/A(Q)
A(Q): Sectoral TFP, increasing in Q, the cumulative experience as defined later.

Stable Equilibrium Patterns in the J-Country World:

Index the countries so {Qj }J_ , Is monotone increasing. Then,

e The unit interval is partitioned into J-subintervals: the j-th exports s € (S;, Sj+1), where
s, };Zlis given by Sp=0, S;=1

Sj+1_Sj . A(Qj+1)
Sj_sj—l - A(Qj)

e n,=I(S,,5;)V.

?/(Sj)
j >1with S, =0 & S, =1.

Learning-By-Doing Externalities: Country-specific experience is measured by the
discounted labor input in the past:

Q,1)=5[ n,mexp[sv-tv > Q1) =5(n,®)-Q, 1)
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Dynamics: Given {Qj (t)};zl, monotone increasing,

, S-S, (A(Q,-ﬂ(t))
S;()-S5;.(1) { AQ;®)

. Q°j (t)=8(n, (1) -Q, ) with n, (t) =T(S,, (t),S, ()

V(Sj)
j >1with S, (t)=0 & S, (t) =1.

Steady State: monotone increasing {S;};zl, so that

* * * * (SJ)
S,-+1—S,-{A(r(sj,s,-ﬂ)wjy .
ST =S, |AI(S;..S)V)
* * * * 9)/(Sj)
Sj+1_Sj_[r(Sj’Sj+1)j 1

With AQ) = (Q)", gF ot = | L et
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5.Nontradeable Consumption Goods: Effects of Globalization through Goods Trade
1 1
logU = r[log(X; (s))ds+ (1—7)[log(X  (s))ds
0 0

T; the fraction of the consumption goods that are tradeable.
Assume the same distribution of y among the tradeables and the nontradeables.
oV =01-1)oV+7(S5;,-S )Y >0V =(5,-S,,)Y"

on =T"1-7)oV+T7(S,-S, )Y »n =, +A-)I" V.
Thus,

Proposition 5 (the J-country case):
Let S; be the cumulative share of the J poorest countries. Then, {Sj };:O solves:

s -5 (ANVT(S.S. )+Va—)rA )™
j+1 J_[ (T(J )+Vid=r7) )j >1with S, =0 & S, =1,

j+1

S-S, |AWVd(S,,,S,)+V(A-7)r*)
1
where I'(S. ,,S.) = s)ds.
(S,4:S)) S,——S,-_ls,jly()
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As before,
LHS = i %1 g, @) Ax+0(|AX]).
S-S, d'(x)
Likewise,
'(S.,S .)= Ij‘(:’w)y(s)ds = y(D L (@)D (x)A A
(5118150 = g s a0~y ~ POV 57 (@D (Ixc+0(Ax)
r'S.,,S)= Ij‘(xx‘)“’y(s)ds =y(D L (@)D (x)A A
518 = 50— x )~ (PN =57 (LA 0+ (%)
SO that

AV, +V(@L-7)[*) =

AV @()) +V A-)0*) + 7 Ay (@(x) +V(1—T)rA)d(7($((X))) Ax +0(AX)
AV, +V(1-7)*) =

AWz (@(0)+V A-0)*) VT A vy (@(0) +v 1~ ) (7($((X))) AX +0(/AX)

from which
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RHS = 1, Y7 (@ONAVT@00)+VA-1)I)d (@0 , | o(ax)

AV 7y (D(x)) +V 1-7)[*) dx
= 1., VT (@00 +V A=) A (O0) y, , oax)
1+ (A7) [ 77 (D(X)) dx

Combining these yields
14 P00 x4 oK) = 1.4 V(@) +V A=D)T)AGOM)) 4 o(ax)
d'(x) 1+ @A—7)* oy (D(X)) dx
Hence, as J - o, Ax=1/J =0,
O"(X) _ o(Vey(@(x) +V L-7)I*)d (r(®(X)))
d'(x) 1+ @A—7)'* oy (D(X)) dx
Integrating once,

. Vv +V (1-17)I'*)
log(®'(0)- | (1+(1—T)FA/TV )
0
which can be rewritten as:
o] T OV v (A-0)T*))
I Iy,

Integrating once more, )
Qf)exp _7f)9(Vr+V(1—T)rA))dV ds =e“Xx +c

. . 1+@A-7)I*w '

From ®(0)=0 & O(1) =1,

dV:C01

dv |D'(x) =e™.
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q)f)exp yf>9(vzv+V(1—r)rA))dv s jexp _7T)9(VIV+V(1—T)FA))dV is Iy
0 1+(@1-0)*w ’ 7 1+(@1-7)'*aw

Proposition 6 (Limit Case, J — »):

The limit equilibrium Lorenz curve, @, is given by
D(x)

x=H(D(x))= jh(s)ds

where h(S) _ ( ) with H(S) _ eXp|:— 7].5)@(VTV +V(1_Z')FA))dV:|
J‘h(u)du 0 1+(1—T)F /v

>ITiLr11 ﬁ(s) =exp{—w} lim h(s) 1.

7—0

DoV +Va-0)r*)) . alnh(s)  8Vzy(s)+Va-0)r*))

>I ﬁ = — d ’ = — '
()=~ L+ 0-0) G T ETYRARYAS)

>828|”2(S) <0 if 8'(n) >0, a higher V > more inequality.

VoS
» 0 a'”(g‘(s) 0 if 0'(n) <0, a higher V = less inequality.

VoS
> 07 Inh(s) _ 0 and 0 Inf(s) <0 foro(n)=0 ,

oVos 000s
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Log-submodularity and Effect of globalization (a higher 7):
Obviously, changing T = 0 to T > 0 leads to a greater inequality. How about a small
Increase in t?

(1-7)er*
8% Inh(s) - - S e ) — a7 (S) 7y (S) i
> o ifo(n)=6. Inthiscase, h(s;g)=e""| 1+———"—
oos (") (5:9) (1-7)r*
L
>0 énah(s) <0 if0'(n)>0 for n<vr* and 6'(n) <0 for n>Vvr*
705
In both cases, a higher T > more inequality
X=H(s)
h(s) 4
A 1
» s »D(X)=s
5 ) 0 ) (X)
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6.Variable Factor Supply: Effects of Globalization through Factor Mobility or Skill-
Biased Technological Change

Vj = F(Kj, L) with a)jFK(Kj, L) =p
Correlations between K/L and TFPs and per capita income

Two Justifications:

»Factor Mobility: In a static setting, the rate of return for mobile factors is equalized as
they move across borders to seek the highest return.

(If “metropolitan areas,” K may include not only capital but also labor, with L
representing the immobile “land.”)

»Factor Accumulation: In a dynamic setting, some factors can be accumulated as the
representative agent in each country maximizes

Tu(Ct)e"’tdt st Y, = H log(X, (s))ds} =C, + K.t

Then, the rate of return is equalized in steady state. (In this case, K may include not only
physical capital but also human capital.)
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Condition for Patterns of Trade:
V(Sj)
A(nj) ; :FK(Kj+1’L)<1 <:>Kj+1>1 <:>Vj+1
A(n;,,) F (K, L)

j j

>1.

a)j+1

For the j-th country which produces s € (Sj-1, Sj),
n =TV, =TF(K,L);
oV, =0 F(K,L)=(S,-S,,)Y".

Hence,

V(Sj)
i _ Si =9 _ @5,V :Vj+1 [A(rj+1vj+1)j o1
Y, S-S, oV, V| Arv)

J J

ForV; = F(K;,L)=ZK;" with 0 < & <1/(1+6(e)),
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Proposition 7 (the J-country case): Let S; be the cumulative share of the J poorest

J

countries in income. Then, {Sj}_ solves:

V(Sj)

1
Yj+1 — Kj+1 — SJ'+1_Sj :[a)ﬁljla:{A(z( j+1) F(Sj’sjﬂ))j -1
Y, Ky S-S54 w; A(Z( ) I'(S; 1’51))
with S, =0 and S, =1, where T'(S, ,,S,) = s S jy(s)ds
I B

This does not fully characterize the equil. Lorenz curve. We need another condition to
pin down the level of K (or Y). For A(n) oc (n)?, this can be rewritten as the 2™ -order

difference equation in {Sj };:0, which fully characterize the equilibrium Lorenz curve.

Corollary 3 (the J-country case):
Let S; be the cumulative share of the J poorest countries. Then, {Sj };:O solves:

97(31')

l-a—-aby(S))
>1 with S, =0 & S, =1,

Sj+1_Sj :[F(Sj’sjﬂ)
S-S, (I(S,4S))

where (S, ,,S,) = s j y(s)ds.

] 11511
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Calculating the limit:

i+l j+1_Sj

K S _(A<Z(KJ+1)GF(SJ’SJ+1))JNSJ)/(1a) >1
Kj Sj—Sj_l A(Z(Kj)"‘l“(Sj_l,Sj))

Sj
with §; =0 & S; =1, where I'(S,_;,S;) = S 18 jy(s)ds.

j j-1 Sj4

As before, by setting x=j/J and Ax=1/J,
LHs = i S =Si _ g @00
K, §,-5. d'(x)

J

Ax+0(Ax|)

Likewise,
r(s,.S,.) =y(@(x»+§y'<<1><x»c1>'<x>Ax+o(\Ax\)

['(S;1, ;) =y(P(x)) —%7'(®(X))CD'(X)AX +0(/AX),

CD"(X) ),

d'(x)

(K(x+Ax))" =(K(x))" (1+0¢ ij+o(\Ax

from which
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AZ(K,..J T(s,.8,)
=AZ(K(x))" y(CI)(X)))[1+ H(Z(K(x))“y(CD(x))(a *(x) 7'(®(X))®'(X)ijj+o(\Ax\)

D'(x)  2y(D(x))
AZ(K, Y T(s,..5)

J

=AZ(K(x))" y(qn(x)))[l—e(z(K(x))a y(cp(x))(f(i((g)(cg)(x)jmj+ 0(/AX)

from which

o 7(S;)/(1-a)
s o AZ(K L) T(S,.8,0)
Az(K, JT(s,..8))

_ 4, 7(@(x)) ’ D"(x) | 7' (P(x)P'(x)
=1+ 77 0(z (K (%)) y(CD(X))(a o0t @0 ij+o(\Ax\)
Combining these and let J —» o, Ax=1/J — 0 yields

O"(x) _ 0z (Kao'(x))" 7 (@(x))) dy (B (x))

O'(X) 1-a—ay(@x)0(Z(Ko'(x) y(@(x)) dx
where use has been made of

K(x) _ ®"(x) or K(x) = Kd'(x), where K is the average of K.
K(x) ®'(x)

By setting V = Z(K)*“,
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Proposition 8 (Limit Case, J = «)
The limit equilibrium Lorenz curve in income, @, solves:

®"(x) e(v (D'(x))" 7(<D(X))) )y'(q)(X))CD'(X)

O'(X) 1 —ay(®))OV (D'(X))* 7 (D(X)
with ®(0) =0 & ®(1) =1.

Generally, this differential equation has no closed form solution.
For A(n) o« (n)’, this can be solved explicitly as follows:

Corollary 4 (Limit Case, J = «)

The limit equilibrium Lorenz curve, @, solves:
D"(x) _ 0 dy (2(x))
O'(X) l-a—aby(P(x)) dx

with ®(0) =0 & ®(1) =1, whose unique solution is:

x=H(®(x))= @fil(S)ds where h(s) = — () ith ﬁ(s)z(l_aey(s)jua
Jh u)du -

NB: @ isthe Lorenz curve in Y/L and K/L. To obtain the Lorenz curve in TFP,
X . —a 1 . —a
©° (x) = [(@'(u))“ du|[ (@' (u)}* du
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Log-Submodularity and Effect of a higher a or a higher 6:

X=H(s)
h(s) A
A 1
> »D(x)=s
0 .S 0 L o)

la
Since ﬁ(s) = (1—105—67/(30 IS log-submodular in a & s (and in 6 & s).
-
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7. Some Concluding Remarks:

Symmetry-breaking in general

e Symmetry-breaking due to two-way causality; Even without ex-ante heterogeneity,
cross-country dispersion and correlations in per capita income, TFPs, and K/L ratios
emerge as stable equilibrium patterns due to interaction through trade.

e Some countries become richer (poorer) than others because they trade with poorer
(richer) countries. They are not independent observations.

e This type of analysis does not say that ex-ante heterogeneity is unimportant. Instead,
it says that even small ex-ante heterogeneity could be magnified to create huge ex-post
heterogeneity, a possible explanation of Great Divergence and Growth Miracle

This paper in particular

e This paper demonstrates that this type of analysis does not have to be intractable nor
lacking in prediction. Equilibrium distribution is unique, analytically solvable,
varying with parameters in intuitive ways.

e With a finite countries and a continuum of sectors, this model is more compatible with
existing quantitative models of trade (Eaton-Kortum, Alvarez-Lucas, etc.)

e A model with many countries can be more tractable than a model with a few countries.
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